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1 Introduction 

The thermal properties of window frame profiles are traditionally characterized by 
the linear thermal transmittance ( Ψ -value), which is the additional heat flow caused 
by the interaction of the frame and the glass edge, including the effect of the spacer. 

However, changing the overall thermal conductance of the edge construction (L -
value), or glass thickness ( d ), or the thermal transmittance for the center of the glaz-
ing unit ( gU -value), changes the overall heat flow pattern through the glazing unit, 

and thereby changes the linear thermal transmittance of the frame profile. 

For windows manufacturers, this means that characterizing the thermal properties of 
a frame profile, requires calculating one Ψ -value for every combination of L , d  
and gU  that is used with that profile. 

This report describes a method for characterizing the Ψ -value as a function of L , 
d  and gU . The proposed method does so by fitting a regression model of Ψ  to a 

limited number of detailed calculations of Ψ , made with a 2D-program like Therm 
or Bisco. If a good match can be established between the model and the detailed cal-
culations of Ψ , the regression model parameters can then be used for characterizing 
the Ψ -value of the frame profile. 

Validating the model can be done by comparing it to other detailed calculations of 
Ψ . For the regression model to be a valid representation of the detailed calculations 
of Ψ , the residuals between the model and the validation calculations of Ψ  must be 
insignificant. Since the Ψ -value usually is expressed using 2 digits, this objective is 
considered to be satisfied, if the absolute values of all residuals are below 
0.005 W mK . The results presented in this report indicate that this objective can be 
achieved. 
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2 Modelling the linear thermal transmittance us-
ing a thermal network 

This section concerns the derivation of a mathematic regression model of the linear 
thermal transmittance Ψ for window profiles. 

2.1 Background 
The model will be derived using a thermal network, shown in figure 1. 
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Figure 1. A thermal network model of the heat flows through a window profile. The equiva-
lent heights ih  and eh , and the edge size parameter e are also shown. 

In figure 1, the notation 1 QQ
w t

∂′ =
∂

 has been used, where w  is the width of the 

glazing unit. All heat flows are thus per unit length of the edge (assembly of glazing 
and frame profile). The equivalent heights ih  and eh  are parameters used for model-
ing the heat flow parallel to the glass, close to the edge. Finally, the parameter e is the 
size of the region, where 2-dimensional heat flow is assumed to take place. 

Figure 2 shows the resistances and the temperatures in the network. The parameters 
d  and λ  are the glass thickness and the heat conductivity of the glass, respectively. 



 
WinDat Project                                           05-09-2003 

 
5 

 

Ψ1
-1

Inside Outside

RsRi Re

Ψ3
-1 Ψ4

-1

Ψ2
-1Ψ5

-1

L-1

hi
λ

he
λ

d

λ

d

T1 T4

T3 T6

T2 T5
Ti Te

 
Figure 2. The resistances and the temperatures in the thermal network model. 

The network represents a simplification of the actual 2-dimensional heat flow 
through the window. The total heat flow in the network is: 

 tot 7 8Q Q Q′ ′ ′= +  (2.1) 

The linear thermal transmittance for the edge construction represents the additional 
heat flow through the window caused by the interaction between the frame and the 
glass edge. It is given as the difference between the total heat flow and the heat flow 

comQ′  through the individual components, when they are not interacting with each 
other, normalized with the temperature difference. In this case 

 ( ) ( )com f i e g i eQ T T U e T T′ = Ψ − + −  (2.2) 

where fΨ  is the thermal transmittance for the frame profile, and is given by 

 f f fU wΨ =  (2.3) 

Here, fU  and fw  are the U -value and width of the frame, respectively. The linear 

thermal transmittance for the edge construction can then be approximated by the 
following expression: 

 ( ) ( ) tot com totˆ, , , ,g g f g
i e i e

Q Q QL d U L d U U e
T T T T
′ ′ ′−Ψ Ψ = = − Ψ −

− −
�  (2.4) 
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2.2 Deriving the model 

In order to derive the model Ψ̂ , it is necessary to find an expression for totQ′ , in 
terms of the resistances in the network, which is the concern of this section. A gen-
eral approach for solving network problems will be used, which applies to all net-
works consisting of linear components. 

The heat capacity of the network components are omitted, therefore no heat is built 
up in the nodes. This gives the following continuity equations: 

 1 3 9Q Q Q′ ′ ′= +  (2.5) 

 3 4 10Q Q Q′ ′ ′+ =  (2.6) 

 2 4 11Q Q Q′ ′ ′= +  (2.7) 

 9 5 7Q Q Q′ ′ ′+ =  (2.8) 

 10 5 6Q Q Q′ ′ ′= +  (2.9) 

 11 6 8Q Q Q′ ′ ′+ =  (2.10) 

The center U -value of the window needs to be incorporated into the network equa-
tions. This value is given by 

 1
g

i s e

U
R R R

=
+ +

 (2.11) 

which gives 

 1
s g i eR U R R−= − −  (2.12) 

Also the thermal transmittance fΨ  for the frame is needed, given by 

 
1 5 2

1 1 1 1

f

= + +
Ψ Ψ Ψ Ψ

 (2.13) 

which gives 

 
1

5
1 2

1 1 1

f

−
 

Ψ = − −  Ψ Ψ Ψ 
 (2.14) 

The heat flows in the network are governed by the following equations: 

 ( )1 1i
i

eQ T T
R

′ = −  (2.15) 

 ( )2 1 3iQ T T′ = Ψ −  (2.16) 

 ( )3 1 2
i

dQ T T
h
λ′ = −  (2.17) 

 ( )4 3 3 2Q T T′ = Ψ −  (2.18) 
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 ( )5 5 4
e

dQ T T
h
λ′ = −  (2.19) 

 ( )6 4 5 6Q T T′ = Ψ −  (2.20) 

 ( )7 4 e
e

eQ T T
R

′ = −  (2.21) 

 ( )8 2 6 eQ T T′ = Ψ −  (2.22) 

 ( ) ( )9 1 4 1 41
s g i e

e eQ T T T T
R U R R−

′ = − = −
− −

 (2.23) 

 ( )10 2 5Q L T T′ = −  (2.24) 

 ( ) ( )
1

11 5 3 6 3 6
1 2

1 1 1

f

Q T T T T
−

 
′ = Ψ − = − − −  Ψ Ψ Ψ 

 (2.25) 

 

The continuity equations (2.5) to (2.10), and the flow equations (2.15) to (2.25), can 
be arranged in the following way: 
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 (2.26) 

with 

 1
iRd
e

=  (2.27) 

 2
1

1d =
Ψ

 (2.28) 

 3
ihd
dλ

=  (2.29) 
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 4
3

1d =
Ψ

 (2.30) 

 5
ehd
dλ

=  (2.31) 

 6
4

1d =
Ψ

 (2.32) 

 7
eRd
e

=  (2.33) 

 8
2

1d =
Ψ

 (2.34) 

 
1

9
g i eU R R

d
e

− − −
=  (2.35) 

 10
1d
L

=  (2.36) 

 11
1 2

1 1 1

f

d = − −
Ψ Ψ Ψ

 (2.37) 

In (2.26), zeros have been omitted from the matrix. In general, the equations govern-
ing the flows and potentials in a network with p  nodes and q  connections have the 
following structure: 

 T
10 0p p p

D C bQ
C T× ×

′    
⋅ =    
    

 (2.38) 

where 

• q pC ×∈\  is the incidence matrix for the interior nodes in the network. 
• q pD ×∈\  is a diagonal matrix containing the elements 1, , qd d… . 

• qQ′∈\  contains the network flows 1, , qQ Q′ ′… . 

• pT ∈\  contains the network potentials 1, , pT T′ ′… . 

• qb∈\  contains boundary values for flows connected to boundary nodes, 
and zero otherwise. 

In the above, boundary nodes refer to nodes where the potentials are known, and interior 
nodes refer to nodes, where the potentials are unknown. The equations (2.38) have the 
following solution: 

 ( ) 1T 1 T 1T C D C C D b
−− −=  (2.39) 

 ( )1Q D b CT−′ = −  (2.40) 
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In general, the heat flow totQ′ , defined in (2.1), is a sum of some of the elements in 

Q′ , so the model (2.4) for Ψ  can be expressed as: 

 ( )
T

ˆ , , g f g
i e

v QL d U U e
T T

′
Ψ = − Ψ −

−
 (2.41) 

where mv∈\  is a vector of either ones or zeros. In this case,  

 [ ]T0,0,0,0,0,0,1,1,0,0,0v =  (2.42) 

which gives the desired value for totQ′ . In order to calculate the model Ψ̂ , T  is first 

calculated using (2.39), then Q′  is calculated using (2.40), and finally Ψ̂ is calculated 
using (2.41). 

Changing L , d , gU , or any of the resistances defined in figure 2, changes either the 

elements in the matrix D , or the 1-dimensional contributions in (2.41). For the re-
mainder of this report, the notation 

 ( )
T

ˆ , f g
i e

v Qx t U e
T T

′
Ψ = − Ψ −

−
 (2.43) 

will be used for the model, where  

 [ ]T
1 2 3 4, , , , , , ,i e ix h h e R= Ψ Ψ Ψ Ψ  (2.44) 

is a vector of variable model parameters, and where 

 
T

, , gt L d U =    (2.45) 

is a sample point. The remaining parameters are assumed to be constant, and are in 
this case assigned the following values: 

 
2

2

1 K
0 K
1 W/mK
0.04 m K/W
0.197905 W/m K

i

e

e

f

T
T

R
λ

=
=
=
=

Ψ =

 (2.46) 

3 Using the network model to represent detailed 
computations of the linear thermal transmit-
tance 

In order to use the model (2.43) to represent detailed calculations of Ψ , the parame-
ters (2.44) must be determined in such a way, that the residuals between the model 
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and the calculations of Ψ  are minimal. Section 3.1 concerns the definition of an ap-
propriate data fitting problem. The training and test sets are the topics of section 3.1. 

3.1 The data fitting problem 
When characterizing profiles using the model parameters (2.44), it is important to 
ensure, that these parameters are uniquely determined, so that only one set of pa-
rameters characterize any given profile. The possibilities for proving uniqueness of 
the solution to the data fitting problem presented here will be investigated in a future 
version of this report. 

Given a set of m  calculations of Ψ  for various values of L , d  and gU : 

 ( ) ( ){ }1 1, , , ,m mS t t= Ψ Ψ…  (3.1) 

the m  residuals between the model and the calculations of Ψ are: 

 ( ) ( )ˆ ,i i ir x x t= Ψ − Ψ , 1, ,i m= …  (3.2) 

The network model represents a simplification of the actual heat flows, therefore, 
some residual can be expected between the model and detailed calculations of Ψ . If 
the model predicts Ψ -values that are lower than the true Ψ -values, the actual heat 
loss through the window will be higher than expected, leading to higher heating ex-
penses than expected. On the other hand, if the model predicts Ψ -values that are 
higher than the true Ψ -values, this might lead to the choice of expensive, high per-
formance window systems, which will increase the expenses for constructing the 
building. 

In this work, a conservative approach is used when fitting the network model to cal-
culations of Ψ : The model is fitted to Ψ  in such a way, that it always predicts 
higher values than the calculations of Ψ . 

Therm and Bisco computes Ψ  by solving a 2-dimensional heat conduction equation, 
which can be considered to be a numerically stable process. The detailed calculations 
of Ψ  can therefore be assumed not to contain “outliers”, i.e. data points which are 
severely mismatched with the general tendency of the data. 

Therefore, the data fitting problem is not defined as an 1L -problem, which is stable 

to outliers, or as an 2L -problem, which is a classical way of defining data fitting 
problems. Instead it is defined as a minimax problem, which makes the solution sen-
sitive to outliers, but in this context it makes sense to find a solution, where the 
maximum residual between the model and the calculations of Ψ  is minimal. These 
considerations lead to the following definition of the data fitting problem: 

 ( ){ }
0

minimize max
n ii mx

r x
≤ ≤∈\

, ( )subject to 0ir x ≥ , 1, ,i m= …  (3.3) 
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where n  is the number of parameters in the model, in this case, 8n = . The solution 
to (3.3) is denoted x∗ . This constrained minimax problem can be solved using the 
following exact penalty approach: 

 ( ) ( ) ( ){ }
0
0

minimize max ,
n i i ji mx

j m

r x r x r xσ
≤ ≤∈
≤ ≤

−
\

 (3.4) 

From the theory of minimax optimization, it is known that there exists a ˆ 0σ > , such 
that for all ˆσ σ> , the problems (3.3) and (3.4) have the same solution. The problem 
(3.3) can therefore be solved using the following approach: 

Given 0σ >  
Repeat 
 Compute the solution estimate x̂  by solving (3.4) 
 If any constraint is violated 
  10σ σ← ⋅  
 End 
Until no constraints are violated 

When σ  becomes sufficiently large, the solution estimate x̂  becomes equal to the 
true solution x∗ . A numerical method for solving unconstrained minimax problems 
can be found in [3], which is used when solving (3.4). 

3.2 The training and test data sets 
The linear thermal transmittance Ψ  has to be sampled in such a way, that once the 
model parameters (2.44) are determined, the model (2.43) is valid within some region 
of interest. 

In order to determine and evaluate the model parameters, the following two sets of 
samples are needed: 

The training set. This data set contains m  samples of calculations of Ψ , for 
various values of L , d  and gU , and is used when solving the data fitting prob-

lem (3.3). 

The test set. This data set contains samples of calculations of Ψ , for other val-
ues of L , d  and gU , and is used for validating the model, once the model pa-

rameters are determined. 

In this work, upper and lower bounds on the parameters define the region of inter-
est. Experience shows, that using the corners of this region gives good estimates of 
the model parameters. The region of interest and the training set are shown in figure 
3. 
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Figure 3. The region of interest, defined by upper and lower bounds on L , d  and gU . The 

corners, marked with ●, are used as training set. 

When validating the model, the data points shown in figure 4 are chosen. 
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Figure 4. The points marked with ○ are used as test set, when validating the model. 
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The training and test sets are shown in tables 1 and 2, respectively. 

Sample point L  d  gU  Ψ  

1t  minL  mind  minU  1Ψ  

2t  minL  mind  maxU  2Ψ  

3t  minL  maxd  minU  3Ψ  

4t  minL  maxd  maxU  4Ψ  

5t  maxL  mind  minU  5Ψ  

6t  maxL  mind  maxU  6Ψ  

7t  maxL  maxd  minU  7Ψ  

8t  maxL  maxd  maxU  8Ψ  

Table 1. The training data set. 

 

Sample point L  d  gU  Ψ  

9t  1L  avd  avU  9Ψ  

10t  1L  avd  minU  10Ψ  

11t  1L  avd  maxU  11Ψ  

12t  1L  mind  avU  12Ψ  

13t  1L  maxd  avU  13Ψ  

14t  2L  avd  avU  14Ψ  

15t  2L  avd  minU  15Ψ  

16t  2L  avd  maxU  16Ψ  

17t  2L  mind  avU  17Ψ  

18t  2L  maxd  avU  18Ψ  

Table 2. The test data set. 

4 Results 

This section concerns results obtained by applying the proposed method to a test 
window. At current time, the data available for this profile is not completely consis-
tent with the method described in this report. Other sample points than the ones de-
scribed in section 3.2 have been used, and the data is not divided into training and 
test sets. Instead, all available data is used as training data. The optimal model pa-
rameters x∗  have been estimated as an unconstrained solution to (3.3), which gives 
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both positive and negative residuals. A future version of this report will show results 
consistent with the proposed method. 

The optimal model parameters are: 

 
2

0.142233 m
0.324397 m
0.016726 m
0.767279 m K/W
0.149852 W/mK
0.753127 W/mK
1.113663 W/mK
0.116209 W/mK

x∗

 
 
 
 
 
 =  
 
 
 
 
  

 (4.1) 

The results are rounded to 6 digits. In table 3 are shown the available Therm calcula-
tions of Ψ , together with the residuals between the model and the data. 

Sample 
point 

W 
mK

L  
  

 [ ] mmd  2

W 
m KgU
 
  

W 
mK
 Ψ   

 ( ) W 
mKir x

∗  
  

t1 0.133333 4 1.1 3.62685·10-2 8.86917·10-4 
t2 0.233333 4 1.1 4.87297·10-2 4.23724·10-4 
t3 0.4 4 1.1 6.08245·10-2 1.20556·10-4 
t4 0.733333 4 1.1 7.27783·10-2 -2.42846·10-4 
t5 1.733333 4 1.1 8.48167·10-2 -8.86917·10-4 
t6 0.171429 6 1.1 4.64423·10-2 2.28961·10-4 
t7 0.3 6 1.1 5.98057·10-2 3.34297·10-4 
t8 0.514286 6 1.1 7.21824·10-2 6.10125·10-4 
t9 0.942857 6 1.1 8.38543·10-2 8.46534·10-4 
t10 2.228571 6 1.1 9.51032·10-2 8.25387·10-4 
t11 0.133333 4 1.5 3.23374·10-2 -8.86916·10-4 
t12 0.233333 4 1.5 4.37837·10-2 -6.56496·10-4 
t13 0.4 4 1.5 5.50044·10-2 -3.40490·10-4 
t14 0.733333 4 1.5 6.61406·10-2 -7.73590·10-5 
t15 1.733333 4 1.5 7.74460·10-2 -1.18398·10-4 
t16 0.133333 4 2.0 2.78233·10-2 8.86924·10-4 
t17 0.233333 4 2.0 3.80291·10-2 5.93164·10-4 
t18 0.4 4 2.0 4.81222·10-2 5.99702·10-4 
t19 0.733333 4 2.0 5.82716·10-2 7.42752·10-4 
t20 1.733333 4 2.0 6.86184·10-2 8.86929·10-4 

Table 3. The residuals between the model and the available data, for various sample points. 
The sample point with the largest absolute value of the residual is highlighted. All data is 
rounded to at most 6 digits. 
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The largest residual is obtained in the sample point 20t , with the absolute value 
-48.86929 10 W mK⋅ , which is clearly below the desired value. 

Figure 5 shows a plot of the Therm calculations of Ψ , together with results obtained 
with the model (2.43), using the optimal parameters (4.1). 
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Figure 5. The points marked with , ,  and  are Therm calculations of Ψ  for the L , 

d  and gU  values shown in table 3. The lines are obtained with the model ( )ˆ ,x t∗Ψ , us-

ing the optimal model parameters (4.1). 

5 Implementation aspects 

Using the proposed method requires implementations of the following functions: 

1. A method for solving (3.3). 

2. An implementation of the expressions (2.39), (2.40) and (2.43). 

These functions can be implemented once and for all as either static or dynamic 
function libraries, which can be linked against the CAM1 software, used by windows 
manufacturers. Once this is done, the end user does not have to worry about the de-
tails described in this report. This approach, however, involves the developers of the 
CAM software. 

                                                 
1 Computer Aided Manufacturing. 
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Another possibility is to develop a separate application, which implements the above-
mentioned functions. This approach does not involve the CAM software developers, 
but will probably not be as user friendly for the end user. 

Assuming these details can be sorted out, window manufacturers has to carry out the 
following two steps in order to use the proposed method: 

1. Estimate the optimal model parameters x∗  by solving (3.3). 

2. Given a set 
T

, , gt L d U =   , the linear thermal transmittance Ψ  can be esti-

mated using the expressions (2.39), (2.40) and (2.43). 

The first step requires detailed 2-dimensional heat flow calculations to be carried out 
in the training data set defined in Figure 3 and Table 1. The model parameters can be 

validated by comparing Ψ̂ -values obtained with the model, to detailed calculations 
of Ψ  carried out in the test data set defined in Figure 4 and Table 2. 

Once reliable model parameters have been estimated, they can be used for estimating 
Ψ  for edge constructions, when combining a given frame profile with different glaz-
ing units, without carrying out detailed 2-dimensional heat flow calculations. 

6 Future work 

A future version of this report will include the following: 
1. A section with nomenclature. 
2. A clearer definition of the concepts 1L  and 2L -norm. 
3. Investigating the possibilities for proving uniqueness of the solution to (3.3). 
4. Reference regarding the exact penalty approach (3.4). 
5. Results obtained by applying the method to a number of typical frame pro-

files. 
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